We have created the rotating machinery library to carry out analytical investigations for diagnosis by transfer matrix method in Modelica. In this paper, rubbing components for partial rub are implemented in our rotating machinery library. In this research, the model in which the rotor come into contact from a non-contact state by a pulsating external force is analyzed. The relationship between the contact configurations and the generation of various kinds of vibration is investigated. We validated the rubbing model in one side contact case with a rotor kit. By simulation, we reproduced the time history, the orbit and the full spectrum characteristics of the rotating shaft measured by the experiment precisely.
Introduction
To improve efficiency in rotating machinery, the clearance between rotors and casings has become smaller and smaller. However, it increases risk of rubbing i.e. contact between rotating and stationary elements of a machine. It is mainly resulted from the mass unbalance, turbine or compressor blade failure, defective bearing, or rotor misalignment. The rubimpacting vibration of a rotor system shows a very complicated phenomenon including not only the periodic motion but also the quasi-periodic and chaotic motions. When the rub-impact happens, the partial rub arises at first. During a whole period, the rub and impact interactions occur between rotors and stators (i.e. casings) once or fewer times. Gradual deterioration of the partial rub will lead to the full rub, and then the vibration will affect the normal operation of the machines negatively. Thus, the rubbing phenomenon is one of the main malfunctions in rotating machines and causes the breakdown of machines.
Because of serious damage of rubbing, many researchers have studied this problem from different aspects (Ehrich, 1966; Beatty, 1985; Choi and Noah, 1987) . Much attention has been given to the nonlinear dynamics of the rub-impacting rotor system. A contact force of rubbing between a rotor and a casing has been modeled as a piecewise linear spring and damper model.
The relationship between the contact configurations and the generation of various kinds of vibration, such as "collision type synchronous vibration", "sub harmonic vibration", etc. has been studied, both theoretically and experimentally (Watanabe et al, 2004; Watanabe et al, 2005) . We have created the rotating machinery library by transfer matrix method in Modelica (Ishibashi et al, 2017) . By transfer matrix method, the rotating shaft is decomposed into rotors, shafts, journals, couplings, housings and supports. The 5 DOF rotor dynamics model components have common faults of rotating machinery systems such as static and dynamic unbalance, shaft bending, and faulty bearing. Basic components are reusable, and their parameters can be simply modified. Even if it is not a Jeffcott (i.e. symmetrical) rotor system, this library makes it easy to analyze dynamics of rotating machinery. The objective of creating this library is to carry out analytical investigations in order to gain some insight into the diagnostics of rotating machinery. Many papers have been written regarding modeling contact phenomena in the Modelica language. The contact models can be roughly classified into two types, collision of multibody objects and contact of gears. The former is handled in the following papers. A solution based on a collision handling software called Solid was described in (Otter et al, 2005) . The paper (Oestersötebier et al, 2014) introduced non-central contact blocks in which the contact surfaces were defined. (Hofmann et al, 2014) discussed the use of the Bullet Physics Library. The latter is handled in the following papers. One work is (van der Linden, 2012) where the 3 DOF elastic gear contact model was implemented in the Planar Mechanics library. A much more detailed approach was taken by (Kosenko and Gusev, 2011) and further improved in (Kosenko and Gusev, 2012) , where the forces between gears were modelled with high detail in a Modelica environment. (Dahl et al, 2017) integrated the gear contact model in the MultiBody library from the Modelica Standard library.
In this paper, rubbing components for partial rub are implemented in our rotating machinery library. Rubbing components in the one side contact case and the annular contact case are created for analyzing the several contact configurations respectively.
In the analysis of rubbing, models in which the rotor come into contact with the casing due to unbalance or models in which rotor is already contacting with the casing at rest are usually analyzed. However, in this research, the model in which the rotor come into contact from a non-contact state by an external force due to earth quake or flow-induced vibration is analyzed. The relationship between the contact configurations and the generation of various kinds of vibration is investigated.
We validated the rubbing model in one side contact case with a rotor kit. By simulation, we reproduced the time history, the orbit and the full spectrum characteristics of the rotating shaft measured by the experiment precisely.
Rubbing Forces and Equations
This section describes the modeling of the rubbing force between the rotor and the casing. In Figure 1 , schematic overviews of the rotor and the casing in rubbing are shown. The two contact configurations, one side and annular contact cases for translational motion are treated. The rubbing force consists of the radial contact force (blue arrow in Figure 1 ) and the tangential friction force (red arrow in Figure 1 ). Contact stress theory is used for the contact force model. The contact force between the rotor and the casing is modeled as a piecewise linear spring and damper model. The friction force is modeled by multiplying the contact spring force by the friction coefficient. Although there is a model for using the coefficient of restitution for contact, since the contact time becomes infinitely small, it is not suitable for handling the frictional force which is calculated by multiplying the contact spring force by the friction coefficient at the time of contact. The contact spring force s and the damping force d and the friction force f are written as follows.
Here, : Clearance, : Contact spring constant, : Contact damping constant, : Friction coefficient. Thus the rubbing force in one side contact at the angle of the rectangular components and are written as follows.
Here, ( , ) is the relative rotor position against the casing in the polar coordinates and � , � is the relative velocity.
The rotor offset against the casing, ( , ): Center of the rotor, ( , ): Center of the casing, : Rotor radius, : Rotating speed. In the annular contact case, = holds in Equation 4, 5 and 8. To estimate the contact spring constant, the Hertzian Contact Theory between two cylinders with parallel axes is used (Inagaki et al, 2005) . The indentation depth − is related to the contact force c as follows.
( − ) = 2 c ( 0 + 1 ) �1.8864 + log � 2 �� (9) = 1 − 2 ( = 0,1)
= � 2 ( 0 + 1 )
Here, : Poisson ratio of the cylinder, : Young's modulus of the cylinder, : Radius of the cylinder, : Length of the cylinder. The contact spring constant is estimated by linearizing the contact force c against the indentation depth − . The contact damping constant is estimated so that the loss for one contact is equivalent to that calculated from the coefficient of restitution. The coefficient of restitution is defined by the following equation, Here, 1 is the vertical velocity of the rotor immediately after contact with the casing surface, 0 is the velocity immediately before contact. Assuming that the rotor motion in contact follows the damped harmonic oscillator, the following relationship holds.
Here, : Damping ratio, : Rotor mass. From Equation 13, 14 and 15, the contact damping constant is given by the function of the coefficient of restitution as follows
It is possible to determine the coefficient of restitution by an experiment or the other more detailed analysis (Jackson et al, 2009 ).
Modelica Implementation
The presented rubbing force models must be supplied by constraints in the transverse direction x, y and rotating angle direction. Our Rotating Machinery library is used to supply these constraints (Ishibashi et al, 2017) . The presented rubbing models are implemented in our rotating machinery library. The basic flange of this library has 5 DOF (degree of freedom), consisting of 4 DOF (two dimensional deflections and slopes) for transverse vibration of the rotor system and 1 DOF (rotating angle) for torsional vibration, neglecting axial vibration. Features like unbalanced rotors, flexible beams (shaft), supports, springs and dampers are all represented. The library is used to create the total rotating machinery system. The rubbing force components in the one side contact case and the annular contact case are implemented respectively. The rubbing force components are implemented with two connectors, each with 5 DOF. Since the above rubbing force models has the only 3 DOF, the moments are set as zero. These connectors are the connections to the rotor and the casing. 
Here, ( = 1, 2, ⋯ , 6): Non-physical constants.
In Figure 2 the icons of the rubbing force components in the one side contact case and the annular contact case are shown. No inertias or constraints are included in the model.
Using our Rotating Machinery library, it is possible to create rotating machinery systems. A simple rotating machinery system with casing is easily generated. Here, we treat a Jeffcott rotor system in partial rubbing with the casing as a test case in Figure 3 . The model parameters are set to simulate the rotor kit shown in Figure 14 . The lowest eigen frequency of the shaft bending mode in the model is 30 Hz. The casing mass, stiffness and damping are the same as the rub screw in Figure 14 . Also, the contact spring and damping constant and friction coefficient in the rubbing component are the same as the rub screw shown in Figure 14 . Only the casing position of the model in the direction of rotating shaft axis is different from the model shown in Figure 18 . 
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In this model (Figure 3) , the whole rotor system including the casing position is symmetrical. In the model, the rubbing component ( Figure 2 ) is defined as described in this paper, all other components are from our rotating machinery library.
Simulation Results
In this section, using the model (Figure 3 ) and rubbing components (Figure 2) , the generation of various kinds of vibration at high speed rotating speed due to partial rubbing is investigated by simulations.
Rubbing vibration
Dymola is used for the simulations. Since the model contains many events, single-step solver "Radau" is used for simulation.
Simulation is done at the constant rotating speed over 1.5 times the speed of the critical speed . The simulation that the rotating shaft is whirling with smaller amplitude than the clearance is done. By applying a pulsating external force, the partial rubbing vibration is induced (Figure 4) . A pulsating external force is applied when the gap between the rotor and the casing become the smallest. As a result, although the rotor whirling of unbalance is smaller than the clearance, the rotor keeps in contact with the case after the contact due to a pulsating external force under some conditions despite the same pulsating external force amplitude (Figure 4) . However, the vibration converges and returns to a non-contact state under another conditions ( Figure 5 ). To investigate this kind of vibration, batch simulation of sweeping rotating speed and the eccentricity of static unbalance in Rotor is done by python interface. Figure 6 shows the domain of the rubbing vibration occurrence in the one side contact case. The model (Figure 3) replacing the rubbing component in the annular contact case with that in the one side contact case is simulated. The contact angle = π/2 and the clearance = 1 mm are set in the rubbing component. The rubbing (i.e. contact) vibration occurs and continues in the region with a plot in Figure 6 . The vibration converges immediately after the contact, and returns to a non-contact state in the region without a plot in Figure  6 . Figure 7 shows the rubbing vibration behavior in the one side contact case. From the left figure, the Rotor displacement in Y direction, orbit and full spectrum are shown. The full spectrum is obtained from the half spectrums of each X and Y displacement by the procedure written in the paper (Goldman and Muszynska, 1999) . The unbalance amplitude before contact in Figure 7 is set as around 0.1 against the clearance. Due to the translation mode of the rotating shaft, Rotor unbalance amplitude is larger in the low rotating speed range.
One side contact case
In the high rotating speed range over the first critical speed , the 1/n (n: integer) sub harmonic rubbing vibration continues in the region shown in Figure 6 . These vibration occurs in higher speed of n integer multiple of the eigen frequency . As the unbalance increases, the 1/n sub harmonic vibration occurs in higher rotating speed. As the integer n becomes larger, the 1/n sub harmonic rubbing vibration occurs from smaller unbalance region. The domain of the rubbing vibration occurrence shows a gap. In the gap where rubbing vibration is unlikely to occur, the casing is more than clearance away and moving away from the rotor. Figure 9 shows the domain of the rubbing vibration occurrence in the both side contact case. Figure 8 shows the rubbing vibration behavior. The model adding the one side rubbing component and the casing on the other side is simulated. The two casings have the same mass, spring and damping constant as each other. Also, the two one side rubbing components have the same parameters values such as the contact spring and damping constant and friction coefficient as each other. The contact angle = −π/2 and the clearance = 1 mm are set in the other rubbing component.
Both side contact case
In this case, the synchronous with rotating speed and 1/n sub harmonic vibration occurs. The sub harmonic rubbing vibration just occurs in the region of moderately small unbalance. As the unbalance gets larger, synchronous vibration occurs in the region of wide rotating speed range. This violent vibration is regarded as a kind of collision type self-excited vibration. In the both side contact case, only the odd number sub harmonic vibration occurs. Since the rotor orbit of the even number sub harmonic vibration is basically asymmetrical with respect to the origin, there is no solution where there are two casings located on both sides of the rotor under the same condition (see Figure  7 and Figure 8 ). However, if there is a difference between the two casings, the rotor sometimes contacts with the casings only at one side. Figure 11 shows the domain of the rubbing vibration occurrence in the annular contact without offset. The model (Figure 3) is simulated. Figure 10 shows the rubbing vibration behavior. The contact spring constant in the rubbing component is calculated by considering the difference in the curvature. In this case, two kinds of collision type self-excited synchronous vibration with rotating speed occurs. One is the circle rotor orbit and the other is the oval rotor orbit shown in Figure 10 . In the low rotating speed range, synchronous circle rotor orbit vibration occurs. In the high rotating speed range, synchronous oval rotor orbit vibration occurs from the small unbalance region. From the rotor orbit in Figure  10 , the rotor collides with the casing several times per one whirling period. Figure 12 shows the domain of contact vibration in the annular contact case with offset. Figure 13 shows the rubbing vibration behavior. The model (Figure 3) with the rotor offset � , �=(0, /4) against the casing in the rubbing component is simulated. In comparison with the domain without the offset, the synchronous circle rotor orbit vibration occurs in the wider rotating speed range toward high rotating speed. In addition to the synchronous vibration in the annular contact case without the offset, the sub harmonic and the other kind of the synchronous circle rotor orbit vibration occur. The sub harmonic vibration occurs in the slightly higher rotating speed of the n integer multiple of the eigen frequency .
Annular contact case
Although there was a small difference between our simulation results and the previous papers (Watanabe et al, 2004; Watanabe et al, 2005) due to the differences of the parameters amplitudes in the rubbing component, the relationship between the contact configurations and the generation of various kinds of vibration obtained in this paper showed the same trend as those papers. 
Experiment
To validate our models, we used the rotor kit (RK 4 Rotor Kit GE Bently Nevada) shown in Figure 14 . The rotating shaft was supported by the solid lubricated bearings covered by the rubber. The rotating shaft was measured by two proximitors arranged in orthogonal directions. The data sampling time of the proximitors for recording was 1 ms. To make it easier for analyzing the experimental result, the Jeffcott rotor system was investigated for the experiment. One side contact condition was established by adjusting the rub screw made of brass and applying a pulsating external force to the rotating shaft.
From the preliminary impulse and rotating speed ramp response experiment, the first critical speed (the lowest eigen frequency of the shaft bending mode) of this rotating shaft system was around 30 rps. By rotating at 70 rps (over twice the first critical speed) and applying a pulsating external force, the rubbing condition was established. Figure 15 shows the time history of the rotating shaft in the both horizontal and vertical direction under rubbing condition. Figure 16 shows the orbit of the rotating shaft. Figure 17 shows the full spectrum analysis of the rotating shaft time history. The procedure for obtaining the full spectrum from the half spectrums of each proximity probe was followed by the paper (Goldman and Muszynska, 1999) . The 1/2 sub harmonic rubbing vibration was observed. 
Simulation
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To carry out the analytical investigation of the experimental result, we built the Modelica model corresponding to the rotor kit based on our library shown in Figure 18 . The parameters such as the bearing stiffness and damping, the residual bow (the bend of shaft) and the rotor static unbalance of the model were calibrated to match the preliminary experiments by the same method of the previous paper (Ishibashi et al, 2017) . The rub screw stiffness and damping were estimated by the preliminary impulse test. The contact spring constant in the rubbing component were estimated by Equation 9. The contact damping constant were estimated by Equation 16 using the approximate value of the coefficient of the restitution (Jackson et al, 2009 ). The friction coefficient was estimated from the value reported in the paper (Watanabe et al, 2004) . Figure 19 - Figure 21 show the results under rubbing condition. By simulation, we reproduced the time history, the orbit and the full spectrum characteristics of the rotating shaft measured by the experiment precisely.
Conclusions
In this paper, the rubbing component models in the one side contact case and the annular contact case are presented to describe the partial rub. Using our rotating machinery library, it is possible to model a rotating machinery system with partial rubbing.
Examples of a Jeffcott rotor system with the different contact configuration were investigated by simulation. The relationship between the contact configurations and the generation of various kinds of vibration such as "collision type synchronous vibration", "sub harmonic vibration", etc. obtained by simulation showed the same trend as the previous papers (Watanabe et al, 2004; Watanabe et al, 2005) . We validated our model with partial rubbing in the one side contact case with a rotor kit. By simulation, we reproduced the time history, the orbit and the full spectrum characteristics of the rotating shaft measured by the experiment precisely. The presented models make it possible to carry out analytical investigations of the partial rub in order to gain some insight into the diagnostics of rotating machinery.
